Abstract. This paper studies the moduli space corresponding to irreducible germs of plane analytic curve with a single characteristic exponent. We stratify the moduli space corresponding to such germs using an analytical invariant introduced by Zariski. Then, we compute the minimum Tjurina number on each stratum as well as the dimension of the strata.
Introduction
Let γ be an irreducible germ of plane analytic curve with a single characteristic exponent {m/n} (n < m, gcd(n, m) = 1).
We say that an irreducible germ ψ of plane analytic curve is (n, m)-quasihomogeneous if there are analytic coordinates where ψ admits the equation: y n −x m = 0. Assume that γ is non-quasihomogeneous. Then in [9] , it is shown that there exists a parametric representation of γ of the form x = t n y = t m + bt m+s + i>s b m+i t m+i , b ∈ C * , in such a way that neither m + s nor n + s belongs to the semigroup generated by n, m. Moreover, the integer s is the same for all such parametric representations of γ and is therefore an analytical invariant. From now on we will call it s(γ). In case γ is quasihomogeneous we define s(γ) = ∞. In this paper we study the stratification induced by the analytical invariant s in the moduli space corresponding to irreducible germs of plane curve singularity with a single characteristic exponent.
In section 1, using the geometric interpretation of s(γ) given by Casas [6] , we give a universal family for all germs of plane curve singularity with fixed single characteristic exponent and fixed invariant s.
If f = 0 is an equation of γ, we denote by τ(γ) the Tjurina number of γ, that is, τ (γ) = dim C C{x, y}/(f, ∂f ∂y , ∂f ∂x ). Let us call τ min (n, m, s) the minimum of the integers τ (γ) when γ ranges over the set of germs with characteristic exponent {m/n} and fixed invariant s. In sections 2 and 3, we adapt the algorithm of [3] to compute τ min (n, m, s).
In section 4, we compute the dimension of the s-constant strata in the moduli space corresponding to plane curve singularities with a single characteristic exponent.
I would like to thank E. Casas for useful discussions and suggestions.
1. The analytical invariant s (1.1) General conventions. Let γ be an irreducible germ of plane analytic curve at the origin O with a single characteristic exponent {m/n}. From now on we will assume that gcd(n, m) = 1 and n < m. Then, the semigroup of γ, n, m , is n, m = nN + mN, where we denote by N the set of non-negative integers. We will denote by [ξ · ζ] the intersection number of the germs ξ and ζ at O.
(1.2). Let γ be a germ of analytic curve with a single characteristic exponent {m/n}. Assume that local coordinates {x, y} have been chosen so that the Puiseux expansion of γ has the form
and, by an easy computation, f (x, y) may be written as
with ni+mj=s a ij = 0. Conversely, if a germ is defined by the equation f = 0, f as above, then the Puiseux expansion of γ has the form of (1.2.1).
(1.3). Let us recall that, by [6] , theorem 3, one may also compute the analytical invariant s(γ) as
Given two positive integers n, m with gcd(n, m) = 1, we ask about all integers s, s > 0 such that s + m / ∈ n, m and s + n / ∈ n, m .
(1.4) Lemma. Let A be the set
and let B be the finite set
Then, there is a bijection between A and B given by
Proof. Given (i, j) ∈ B, let s = ni + mj − mn. We will show that s ∈ A; that is, s + m / ∈ n, m and s + n / ∈ n, m . Assume that s + n ∈ n, m ; then there exists (i 0 , j 0 ) ∈ N 2 such that s + n = i 0 n + j 0 m. Since (i, j) ∈ B, then 0 ≤ i ≤ m − 2, 0 ≤ j ≤ n − 2, and hence s + n < mn. Now we claim that j 0 < n; otherwise since i 0 ≥ 0, then s + n = i 0 n + j 0 m ≥ mn, a contradiction. Thus, j 0 < n, as claimed. On the other hand we may write
for certain t ∈ Z. As 0 ≤ j ≤ n − 2 and we have just proved that 0 ≤ j 0 < n, necessarily t = 0, so one gets i = i 0 − 1 + m ≥ m − 1, and this is a contradiction because i ≤ m − 2. So s + n / ∈ n, m , as wanted. In the same way one also proves that s + m / ∈ n, m . Hence, s ∈ A as claimed. Next we will show the converse. Let s ∈ A. Thus, s > 0. Since gcd(n, m) = 1, then the conductor of the semigroup n, m is (n − 1)(m − 1). Therefore, s + mn ∈ n, m . So, there are (i 0 , j 0 ) ∈ N 2 such that ni 0 + mj 0 = mn + s. We claim that (i 0 , j 0 ) ∈ B. We will prove that 0 ≤ i 0 ≤ m − 2 and 0 ≤ j 0 ≤ n − 2.
Since (n−1)(m−1) is the conductor of the semigroup n, m , and s+m / ∈ n, m , s+n / ∈ n, m , then max (s+m, s+n) < (m−1)(n−1). Assume now that i 0 > m−2; this would imply that
In the same way one shows that j 0 ≤ n − 2, so this concludes the proof. 
Proof. Claim a) follows directly from (1.3). Let us show part b). By [10] , VI.2.1, using suitable coordinates {x, y} one may assume that γ has equation
Let (p, q) be the only element in B such that ni + mj = mn + s. Necessarily (1.5.1) has the form
Let α ∈ C * be such that α s = a pq . Then, in coordinates {x,ȳ},x = α n x,ȳ = α m y, γ has equation
as claimed.
Description of the algorithm
By (1.5), all irreducible germs of plane analytic curve with characteristic exponent {m/n} and fixed invariant s are analytically equivalent to a germ defined by an equation belonging to the family F (x, y, a) = 0, where
In this section we give an algorithm to compute the Tjurina number for any germ with equation F (x, y, a) = 0, F as above, when the coefficients a = (a ij ) belong to a certain non-empty Zariski open set of C Ns . From now on we will call such germs generic.
First we will introduce some notations.
(2.1).
From now on we fix the positive linear form ρ(i, j) = ni+mj. Let S ⊂ N 2 be a non-empty subset; we define
2 the total ordering induced by ρ:
Note that exp(S) is the minimum of S with respect to this ordering.
(2.2) Description of the algorithm. First we define
where
Assume that we have defined Λ r , for r = −1, . . . , . From them, we define the subsets Ω r of N 2 as
and let W r be the minimal set in N 2 such that
(see Figure (2.2.1) ).
(0,n-1)
Step + 1. We will now construct Λ +1 . Write Λ = (a , b ) and let Figure (2.3.1) ). Then, define
If S +1 = ∅, the algorithm finishes at step + 1. Otherwise, we define Λ +1 as Λ +1 = exp (S +1 ) . Proof. On one hand, by the definition of the sets Ω we have Ω −1 Ω for any th step in the algorithm. On the other hand,
is a finite subset of N 2 , so the claim follows.
(2.5). Let us assume that the algorithm finishes at step M + 1. From now on we will write Ω = Ω M .
3.
A standard basis for the jacobian ideal of a generic germ with characteristic exponent {m/n} and fixed s
In this section we will use the notions of privileged exponents with respect to a direction ρ (exp ρ ), standard basis of an ideal, and the associated division theorem. For this concepts we refer the reader to [1] and [2] .
(3.1). Consider
where np + mq = mn + s > mn, 0 ≤ p ≤ m − 2 and 0 ≤ q ≤ n − 2.
We will compute a standard basis for the jacobian ideal, (F, ∂F ∂x , ∂F ∂y ), with respect to the direction ρ(i, j) = ni + mj in the case when the coefficients a = (a ij ) are generic, that is, a = (a ij ) belong to a Zariski open set of C Ns . We will use the following notation: for I = (i, j) we denote by z I the monomial x i y j . In C{x, y}, we fix the monomial ordering < ρ :
and i < i .
Then, exp ρ ( g ij x i y j ) = (α, β) means that x α y β is the minimum of the set {x i y j | g ij = 0} with respect to this ordering.
The proofs of lemma (3.2) and proposition (3.4) are the same as the ones of III.1 in [3] . Proof. In (3.2) and (3.4), we have computed a standard basis and the escalier with respect to the direction ρ(i, j) = ni + mj for the jacobian ideal of γ in the case (a ij ) ∈ Z. Therefore, by [2] , I.1.12, the claim follows.
Since τ (γ) is upper semicontinuous, τ min (n, m, s) is given by τ(γ) for a generic γ. So, theorem (3.5) leads to (3.6) Corollary. τ min (n, m, s) = #(Ω), where Ω is given by the algorithm of section 2.
(3.7) Remark. By using Buchberger's algorithm [4] for the computation of a standard basis, one easily obtains a standard basis for the jacobian ideal of the germ γ pq :
. In general, τ (γ pq ) does not give the maximum of the integers τ (γ) when γ ranges over the set of germs with characteristic exponent {m/n} and fixed invariant s = np + mq − mn. For instance, for the family corresponding to the characteristic exponent {27/8} and s = 17, the germ defined by y 8 − x 27 + x 19 y 3 = 0 has Tjurina number 153 while the germ defined by
has Tjurina number 154 (computations made by using CoCoA [5] ).
Moduli for plane curve singularities with a single characteristic exponent {m/n} and fixed invariant s.
In this section we stratify the moduli space corresponding to plane curve singularities with a single characteristic exponent using the analytical invariant s, and we compute the dimension of an open dense subset of each stratum.
(4.1). Let
By [8] , I.2.10, C N is the base space of a representative (X, 0) H Σ (C N , 0) of the equisingular miniversal deformation of the germ at the origin of the (n, m)-quasihomogeneous curve: y n − x m = 0, where Σ is the section which picks up the only singular point in each fibre (i.e., the origin). Analytical equivalence of germs induces an equivalence relation ∼ in C N . The moduli space corresponding to the characteristic exponent {m/n} will be denoted M (n,m) ; it is defined (see [8] , II.2.2) as the topological space C N / ∼ (with the quotient topology). Let π : C N −→ M (n,m) be the canonical surjective map.
(4.2).
For any s ∈ N, s + m / ∈ n, m , s + n / ∈ n, m , we have defined in section 2 the following integer:
Let (p, q) be the only element in B (B as in (1.4)) satisfying np + mq = mn + s.
In C Ns+1 we consider the open set
) be the deformation of the germ at the origin: y n − x m = 0, whose fibre at the point (a pq , (a ij )) ∈ U pq ∪ {0} is the germ defined by the equation
a ij x i y j = 0 . Proof. The proof is analogous to that of [8] , I.2.10, but in this case may be shortened by using (1.5).
As in (4.1), analytical equivalence of germs induces an equivalence relation ∼ in U pq .
(4.4) Definition. We will call the moduli space corresponding to the characteristic exponent {m/n} and to the invariant s, which will be denoted by M (n,m,s) , the topological space U pq / ∼ (with the quotient topology). Let π s : U pq −→ M (n,m,s) be the canonical surjective map. Proof. The connectedness follows directly from (1.5). To show that M (n,m,s) is locally closed, we again use (1.5). Namely,
which is clearly locally closed in C N , and so, the claim follows. .1)). The analytical change of coordinates x = u nx , y = u mȳ , u ∈ C * , transforms the germ at the origin defined by the equation G(x, y, b) = 0 into the germ defined by the equation
Thus, for any ε > 0, B ε (0) ∩ U pq maps onto the moduli space M (n,m,s) . Let us denote by τ (b) the Tjurina number of the germ at the origin defined by G(x, y, b) = 0. Consider the following subset of M(n, m, s): 
by (3.5) it is dense in B ε (0) ∩ U pq . Proof. Since τ (b) = τ min (n, m, s) and the Tjurina number is upper semicontinuous, in a neighbourhood of b in S (n,m,s) (b) the Tjurina number must be constant (and equal to τ min (n, m, s)). Then, the claim follows directly from [8] , III.2.9.2.
The above lemma gives From (4.10) and (4.11) one concludes that (4.12) Theorem. dim M (n,m,s) (τ min ) = N s + 1 − µ + τ min (n, m, s) .
(4.13) Remark. Laudal and Pfister in [7] stratify the moduli space corresponding to a single characteristic exponent by using the Tjurina number. Their stratification is not comparable to ours. For instance, for the equisingularity class corresponding to the characteristic exponent {11/5} the germs defined by the equations y 5 − x 11 + x 9 y + x 7 y 2 + x 6 y 3 = 0 , y 5 − x 11 + x 7 y 2 + x 6 y 3 = 0 have Tjurina number 34 and invariant s = 1, s = 2 respectively. On the other hand, the germs y 5 − x 11 + x 9 y = 0 , y 5 − x 11 + x 9 y + x 7 y 2 + x 6 y 3 = 0 both have invariant s = 1 and Tjurina number 35, 34 respectively. (Computations made by using CoCoA [5] .)
